In this paper, we study the reversibility of Riemann curvature and Ricci curvature for the Matsumoto metric and prove three global results. First, we prove that a Matsumoto metric is R-reversible if and only if it is R-quadratic. Then we show that a Matsumoto metric is Ricci-reversible if and only if it is Ricci-quadratic. Finally, we prove that every weakly Einstein Matsumoto metric is Ricci-reversible.
Introduction
The class of (α, β)-metrics was introduced by Matsumoto as extension of Randers and Kropina metrics [9] . An (α, β)-metric is a Finsler metric on M defined by F := αφ(s), where s = β/α, φ = φ(s) is a C ∞ function on the (−b 0 , b 0 ) with certain regularity, α is a Riemannian metric and β is a 1-form on M [3] [14] [15] .
Recently, Crampin proved that a Randers metric F = α + β has reversible geodesics if and only if β is parallel with respect to α [2] . Then Masca-Sabau-Shimada investigate (α, β)-metrics with reversible geodesics and projectively reversible geodesics [6] [7] . In general, the Finsler metrics might not be reversible. In spite of the non-reversibility of Finsler metrics, the geodesics and curvatures might be reversible.
In [11] , Shen-Yang introduced the notions of R-reversibility and Ricci-reversibility. They proved that Randers metrics are R-reversible or Ricci-reversible if and only if they are Rquadratic or Ricci-quadratic, respectively. In this paper, we are going to study the reversibility of Riemann curvature and Ricci curvature for a Matsumoto metric F = α 2 /(α−β) which is called by Matsumoto's slope-of-a-mountain metric, also. This metric was introduced by Matsumoto as a realization of Finsler's idea "a slope measure of a mountain with respect to a time measure" [12] [13] . He gave an exact formulation of a Finsler surface to measure the time on the slope of a hill and introduced the Matsumoto metrics in [8] [15] .
The Riemann curvature R y : T x M → T x M is a family of linear maps on tangent spaces. A Finsler metric F on a manifold M is said to be R-quadratic if its Riemann curvature R y is quadratic in y ∈ T x M [4] [11] . The notion of R-quadratic metric was introduced by Shen [10] . F is called R-reversible if R y = R −y (see [11] ). A Finsler metric F is called Ricciquadratic if its Ricci curvature Ric y , is quadratic in y ∈ T x M . F is called Ricci-reversible if Ric y = Ric −y (see [11] ). In this paper, we have the two following theorems. Theorem 1.1. A Matsumoto metric is Ricci-reversible if and only if it is Ricci-quadratic.
Theorem 1.2. A Matsumoto metric is R-reversible if and only if it is R-quadratic.
A Finsler metric on an n-dimensional manifold M is said to be of weakly Einsteinian if the Ricci curvature be in the form Ric = (n − 1)[3θF + σF 2 ], where θ = θ i (x)y i is a 1-form and σ = σ(x) is a scalar function on M . Theorem 1.3. Every weakly Einstein Matsumoto metric is Ricci reversible.
Preliminaries
An important class of Finsler metrics is so called (α, β)-metrics, which are expressed in the form of F = αφ(s), s = β/α where α = a ij (x)y i y j is a Riemannian metric and β = b i (x)y i is a 1-form. Put r ij := 1 2 (b i|j + b j|i ),
where ′ | ′ denotes the covariant derivative with respect to the Levi-Civita connection of α. Let 
where
For a Matsumoto metric F = α 2 α−β and by a quite long computational procedure using Maple program, we obtain the following (see Proposition 3.1 in [1] ). Lemma 2.2. Let F = α 2 /(α − β) be a Matsumoto metric on a manifold M . Then the Riemannian curvature of F is given by All the coefficients of t i are tedious, listed in Appendix 1.
By [1] , we have the following. 3 Proof of Theorem 1.1
Proof of Theorem 1.1: Let the Ricci curvature of F be reversible, i.e., Ric(y) = Ric(−y).
Then by contracting both sides of (4) with 4α 2 (α − 3β + 2b 2 α) 4 (α − 2β) 3 and by a quite long computational procedure using Maple program, we obtain
where d 2 is an irreducible polynomial in y, it must be the case that α 2 divides r 00 . Thus we have r 00 = cα 2 for some function c = c(x), i.e., β is a conformal form with respect to α. So it is easy to get the following r 00 = cα 2 , r 0j = cy j , r i = cb i , r = cb 2 , r
r 0k s k 0 = 0, r 0k s k = cs 0 , s k 0 r k = cs 0 , r 00|0 = c 0 α 2 .
Plugging above equations into (5) imply that
where d This shows that F is Ricci-quadratic.
Conversely, assume that the Ricci curvature of F is quadratic. Then by (4) we have ). Since (8) is the same as (5) , by the same method we get Ric = Ric − kα 2 which shows that F is Ricci-reversible.
Proof of Theorem 1.2
Proof of Theorem 1.2: Let F be R-reversible, R(y) = R(−y). Then by contracting both side (3) in 4α 4 (α − 3β + 2b 2 α) 4 (α − 2β) 3 and using (6) and by a quite long computational procedure using Maple program, we obtain 
This means that F is R-quadratic. Conversely, let F be R-quadratic. Then by the same method we have
where coefficients of t ′ i are listed in Appendix 5. (since we only use coefficients of t ′ 2i , then we relinquish the coefficients of t ′ 2i+1 ). By (11), we get (10) which proves that F is R-reversible.
Proof of Theorem 1.3
Proof of Theorem 1.3: Let F be weakly Einstein
By substituting (4) in (13) and with a long computational procedure, using Maple program, we get 1
and other coefficients of A i are listed in Appendix 6. (14) is equivalent to the following equations
By (15) , it follows that α 2 divides A 0 . Since α 2 is an irreducible polynomial in y, it must be the case that α 2 divides r 00 . Thus
for some function c = c(x), i.e., β is a conformal form with respect to α. So it is easy to get
Plugging the above equations into (15) yields 
where k = k(x) is a scalar function on M . Therefore, F is Ricci-reversible. 
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